STATE EXAM MATHEMATICS

Variant A

For the theoretical part of a question you are supposed to introduce the main concepts and definitions,
and to formulate and discuss (prove) the main properties and results about the topic. For the practical

problem you are to clarify and justify the theoretical background of the steps of the solution.

You may choose to do any three of the following problems.

1. Limits and Continuity. Precise definition of a limit and limit laws. Squeeze Theorem.

Intermediate Value Theorem. Extreme Value Theorem.

A function f is defined by
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(a) Where is f continuous?

(b) Where is f discontinuous?

2. Linear Transformations. Matrices of a linear transformation. Similarity. Kernel and

Range. Rank and nullity. Eigenvalues and eigenvectors. Diagonalization.

Let A be a non-zero square matrix of size n X n, such that
A® =9A.

(a) Describe explicitly the set of all possible eigenvalues of A.
(b) Describe explicitly all possible values of det A.
(c) Give three examples of matrices A (not all diagonal) of size 3 x 3, such that A% = 9A.

3. Ordinary Differential Equations- Linear Equations. Existence and Uniqueness Theo-
rem. Non-homogeneous Equations- Method of Undeterminate Coefficients.

Solve the differential equation:
2" (t) + B*x(t) = cos Bt,

where t is time and 3 > 0, subject to initial condition
z(0) =z, 2'(0) = vy.

Show that the solution z(t) of the above equation assumes values that are greater than any given

positive constant when ¢ — oo.



4. Conditional distributions and conditional expectations: general concepts. The Chebi-

shev’s inequality: statement and proof.

4.1. Let X and Y have the joiny p.d.f. f(z,y) = 32,0 <y < x < 1, zero elsewhere. Are X and
Y independent? If not, find E(X|y).

4.2. Tf X is a random variable such that F(X) = 3, and F(X?) = 13 use Chebishev’s inequality
to determine a lower bound for the probability Pr(—2 < X < 8).



