STATE EXAM MATHEMATICS Variant A

ANSWERS AND SOLUTIONS

1.1 Limits and Continuity. Precise definition of a limit and limit laws. Squeeze
Theorem. Intermediate Value Theorem. Extreme Value Theorem.

Definition 1.1 (Precise definition of a limit) Let a € R, let I be an open interval which contains a
and let f be a real function defined everywhere except possibly at a. Then f is said to converge to L as x
approaches a if for every e > 0 there is a § > 0 (which in general depends on e, f, I and a) such that

0<|z—al<d implies |f(x)—L|<e.

In this case we write
L=1m f(z) or f(z)—L as z—a
r—a

and call L the limit of f(x) as x approaches a.
The limit laws are listed in the following theorem.

Theorem 1.1 Suppose that a € R, I is an open interval which contains a and that f,g are real function
defined everywhere except possibly at a. Suppose that the limits lim,_, f(z) and lim,_,, g(x) exist. Then
1. lim, o[ f(2) + g(2)] = limg e f(x) + limg ., g(x)
2. lim, 4 cf (z) = climg—q f(2)

3. limg o [f(2)g(z)] = limy—yq f(x). limg_, g(z)

Assume furthermore that the limit of g is nonzero, then

f(w)] — limg_q f(l)

4. limz%a[g(z) limg s q g(l’) ’

Proof. Suppose lim,_,, f(z) = L and lim,_,, g(z) = M.
We shall proof part 1. We have to show that for every € > 0 there is a § > 0 such that
0<|z—a|l<d implies |f(x)+g(z)—(L+ M) <e. (1)
Let € > 0. It follows from the hypothesis that there exists a é; > 0, such that
0<|z—a|l <0 implies |f(z)— L] <%. (2)
Similarly, there is a d > 0, such that

g

0<|z—al<dy implies |g(m)—M\<2



Denote § = min{d;,d2} and let 0 < |x — a| < §. Consider the following:

[f(@) + g(x) — (L + M)| = [(f(z) — L) + (9(x) — M)
<|(f(z) = L)|+ |(9(x) — M)| : by the triangle inequality
<%—|—%:€ : by (2) and (3) .

We have shown that (1) is in force. Therefore, by the definition of a limit,

lim [f(x) + g(z)] = L+ M,

r—a
which proves part 1. of the theorem.

Part 2. There is nothing to prove if ¢ = 0. Assume ¢ # 0. Then given € > 0, one can choose § > 0, such that

0<|z—a| <6 implies |f(z)—L|< %
Clearly, then for |x — a| < ¢ one has
€
lef(z) = cL| < e[| f(z) = L] < |C|H =¢,

which proves part 2 of the theorem.

Parts 3. and 4. involve slightly more sophisticated argument and computation.

Theorem 1.2 Suppose f(x) < g(x) for all z in an open interval I which contains a, except possibly at a.
If lim,_, f(z) = L and lim,_,, g(x) = M then L < M.

Theorem 1.3 (Squeeze Theorem for Functions) Suppose that a € R, that I is an open interval which
contains a and that f, g, h are real function defined everywhere except possibly at a. If

flx) <h(z)<g(z) forall xze€lI\{a} and igr(ll flz) = ;gr}zg(x) =1L

then the limit of h(x) exists, as x — a and

lim h(x) = L.

r—a

Definition 1.2 Let E be a nonempty subset of R, and f: E — R

(i) f is said to be continuous at a point a € E if given € > 0 there exists a § > 0 (which in general depends
one, f, and a) such that

O0<|z—al|<d and ze€E imply |f(x)—L|<e.
(i1) f is said to be continuous on E (notation:f : E — R is continuous) if f is continuous at every x € E.

Theorem 1.4 If f and g are defined on a nonempty subset E of R and continuous at a € E (respectively,
continuous on the set E) then so are f + g, fg and cf, for any ¢ € R. If, in addition, f/g is continuous at
a € E, when g(a) # 0 (respectively, on E when g(x) #0, Vx € E).

Theorem 1.5 Suppose f is continuous at b and lim,_,, g(x) =b. Then lim,_,, f(g(x)) = f(b).



Theorem 1.6 (Intermediate Value Theorem) Suppose that a < b and that f : [a,b] — R is continu-
ous. If yo lies between f(a) and f(b) then there exists an xg € (a,b) such that f(xg) = yo.

Definition 1.3 Suppose f is a function with domain D. We say that f has an absolute maximum at ¢ € D
if f(e) > f(x) for all x € D. f has an absolute minimum at d € D if f(d) < f(z) for all x € D. The
number M = f(c) is called the maximum value of f on D, and m = f(d) is called the minimum value of f
on D.

Theorem 1.7 (Extreme Value Theorem) If f is continuous on a closed interval [a,b] then f attains an
absolute maximum value M = f(c) and an absolute minimum value m = f(d) at some points c,d € [a,b].

Remark. You may find sketch of proofs of the theorems in [1], Appendix F.

1.2 Problem 1

A function f is defined by
2 —1
flo) = lm oy
(a) Where is f continuous?
(b) Where is f discontinuous?

Solution.

Firstly we find f explicitly on its domain. There are three cases which we study separately. Case 1. |z| =1,
Case 2. |z| > 1, and Case 3. |z| < 1.

It is clear that

F1) = f(-1) =0 (4)
The following equalities hold:
2 —1 4 1—-2 41 2 2
= = — =1-———.
$2n + 1 x2n + 1 11,‘2” + 1 1‘2” + 1 $2n + 1
Hence 5
f=1— lim ——— (5)

n—soo 2" +1

Note that for every fixed € R we have to find the limit of the infinite sequence

2
{mn - $2n i 1}n€N-
Case 2. |z| > 1. In this case lim,,_,, 2%" = oo, hence
2
lim 0. (6)

n—oo x2m +1

Combine this equation with (5) to obtain:

. 2
f=l-lim ey = 0=t

and therefore
flx) =1,V with |z| > 1. (7)



Case 3. |z| < 1. Then lim,, o, 22" = 0, and

lim —> 2 2 o (8)
1m = = = 2.

n—oo 22" +1  (lim, o z??)+1 0+1

Hence 5

n—oo 2N +1

We have found that
1 if x| > 1
fz) = 0 if |x] =1
-1 if |z] < 1.

It is clear that f is defined on R. Furthermore, f =1 on (—o0,—1)J(1,00), and f = —1 on (—1, 1), hence
f is continuous on R\ {1, -1}.

It follows from

—1= lim f(z)# lim f(z)=1, and 1= lim f(z)# lim f(z)=-1

z—1— z—1t z——1— z——1+
that f is discontinuous at 1, —1.

The graph of f is given below.

2

2.1 Linear Transformations. Matrices of a linear transformation. Similarity.

Kernel and Range. Rank and nullity. Eigenvalues and eigenvectors. Diag-
onalization.

We shall consider vector spaces over a fixed field F', for example, ' =R, or F = C.

Let V and W be vector spaces over the field F'. A linear transformation T : V — W is a map which is
compatible with the addition and scalar multiplication:

Tu+v)=T(u)+T(v), and T(cu)=cT(u) for all u,v €V, and all c€F.



It follows from the definition that a linear transformation is compatible with all linear combinations:

T(Z Ci’Ui) = Z CZ'T(’UZ')

Let T: V — W be a linear transformation. Two subspaces are associated with T', the kernel of T', denoted
ker T" and the image of T denoted im7'. These are defined as

kerT ={v eV |T(v) =0}

imT={weW|w=T(w) for some veV}.

The image of T is also called range of T.

Example 2.1 (Left Multiplication by a Matrix) Let A be an m X n matriz with entries in F. Then
the map
Ta: F" — F™ which sends X — AX

is a linear transformation. Moreover ker Ty = Nul A, (the nullspace of A) and im T = ColA (the column
space of A).
By convention from now on we shall consider only finite dimensional vector spaces.

The following is in force:

Theorem 2.1 (Dimension Formula) Let T : V. — W be a linear transformation of finite dimensional

vector spaces. Then
dim V' = dim(ker T") 4+ dim(imT) (10)

Remark 1 If A is an n x m matriz and T is the left multiplication on A the equality (10) can be written as
n = rankA + nullityA, (11)

where nullity of A is the dimension of its null space, and rank A is the dimension of its column space.

As usual, {e1, - ,e,} denote the standard basis of the n-space F™.
It is easy to show that every linear transformation 7' : F* — F™ is left multiplication by some mxn matrix.

Indeed, consider the images T'(e;) of the standard bases vectors in the space F™. Each vector T'(e;) is in
F™ and has the shape

Qa1j
a2;
T(ej) = : )
Amj
so we form a matrix A = ||a;;||, having these vectors as its columns. In other words written in terms

of columns A has the shape A = [T'(e;) T(e2) --- T(en)]. Suppose X = (z1, -+ ,x,)" € F" then X =
r1€1 + xaes + -+ - - xpe,. Computing the product AX one obtains

I

AX = [T(e) T(es) - T(en)] |

Tn

= $1T(€1) + JZQT(GQ) + -+ an(en)
= T(xlel + X962 + -+ + xnen)
= T(X)v



where the second equality follows from the definition of multiplication of a matrix by a vector, and the third
follows from linearity of 7. We have proven the following lemma

Lemma 2.2 Let T : F™* — F™ be a linear transformation between the n-space and the m-space of column
vectors. Suppose the coordinate vector of T(e;) in F™ is A; = (a1, am;)'. Let A = Ar be the m X n
matriz whose columns are the vectors Ay,--- , A,. Then T acts on vectors in F™ as left multiplication by A.

This statement can be generalized for arbitrary linear transformation 7' : V. — W of finite dimensional
vector spaces and arbitrary bases of V and W.

Let B= {vy, - v,} and C= {wy,---w,} be bases of V and W, respectively. Denote
T(B) ={T(v), ---, T(va)}.

The vectors in the set T'(B) are in the space W. We express each vector T'(v;) as a linear combination of
the basis C and denote by A; = T'(v;)c the column vector with components these coordinates. Consider
the mxn matrix A = Ap(B,C) with columns A;. Let X be an arbitrary vector in V, it is represented by
unique n-dimensional column vector X = (1, ,2,)" with components the coordinates of X with respect
to the basis B. Then one has

AXp = (A1 Ay -+ Ap)Xp =2 A1+ +pAn =D 2 T(v;) =T()_ zjv;) = T(X).
j j

The mxn matrix A = Ar(B,C) is called the matriz of T with respect to the bases B, C.

Any linear transformation 7' : V. — W between finite dimensional vector spaces can be identified with a
matrix multiplication, once bases for these spaces are fixed.

A linear transformation 7' : V. — V is called a linear operator. Clearly the matrix A = Ar(B) of the
operator T with respect to a basis B has size n x n

Theorem 2.3 Let T : V — V be a linear operator. Suppose A is the matriz of T with respect to a basis B
of V.. The matrices A" which represent T for different bases are those of the form

A= PAP!,

for arbitrary P € GL,(F)

Here GL,, (F) denotes the group of nxn invertible matrices.

We say that an nxn matrices A is similar to B if
A=pPBP!

for some P € GL,(F).

Eigenvalues and eigenvectors. Diagonalization

Let T: V — V be a linear operator. An eigenvector v for T is a nonzero vector v € V such that
T(v) =\
for some scalar A\ € F.In this case A is called the eigenvalue of T associated to the eigenvector v.

By definition an eigenvector for an n x n matrix A is a vector v € F™ which is an eigenvector for the left
multiplication by A, that is
Av =Xv for some \ € F.



The scalar A is called an eigenvalue of A.

Suppose A is an n X n matrix, let v be an eigenvector of A with associated eigenvalue A. Then Av = Av or
equivalently Av = (AI)v, hence
(A= X)v=0.

Here I is the n X n identity matrix, and 0 is the zero vector. It follows that the eigenvector v is a nonzero

solution of the matrix equation
(A-XDHX =0.

Recall that a matrix equation BX = 0, where B is an n X n matrix, X € F™ has a nonzero solution v € F"
iff det B =0. It follows then that det(4 — AI) = 0. Note that

Pa()) = det(A — X) € F[)]

is a polynomial of degree n in A.

Definition 2.1 The characteristic polynomial of an n x n matriz A is the polynomial

Pa(\) = det(A — AI).

Note that two similar matrices have the same characteristic polynomials. Indeed, the characteristic polyno-
mial of the matrix PAP~! satisfies
det(PAP™! —XI) = det(PAP~! — P(A\I)P™!)
det(P(A - \I)P~1)
(P
(

det(P) det(A — \I) det(P~1)
det(A — \I)
= Pa(N).

Hence the characteristic polynomial of an operator is well defined by the following

Definition 2.2 The characteristic polynomial of a linear operator T is the polynomial Pa(\) = det(A—\I),
where A is the matriz of T with respect to any basis.

The statement below follows from the fact that similar matrices represent the same linear operator.

Corollary 2.4 Similar matrices have the same eigenvalues.
Proposition 2.5 The characteristic polynomial of an operator T does not depend on the choice of a basis.

Corollary 2.6 (a) The eigenvalues of an n X n matriz A are the roots of its characteristic polynomial.

(b) The eigenvalues of a linear operator are the roots of its characteristic polynomial.

Lemma 2.7 Suppose A is an n X n matriz and A1, -+, s € F are pairwise distinct eigenvalues of A.
let B = {vy,---vs} be a set of eigenvectors associated with {\;}. Then B is a linearly independent set of
eigenvectors. Moreover, if A has n distinct eigenvalues, then each set B = {v1,---vn} of corresponding
eigenvectors is a basis of F™.

Suppose now A is an n X n matrix which has n linearly independent eigenvectors vy,--- ,v, € F", let
A1, , An be the associated eigenvalues (A\; = A; for some ¢ # j is also possible). Consider the matrix P
with columns vy, -+ ,v, and the n x n diagonal matrix A = diag(A1, Mg, -+, \,) with entries A;; = A; on
the diagonal. There are equalities

AP = Afvy -+ vy =[Avy -+ Avp] = [Mo1 -+ Apop] =[v1 --- vp]A = PA



The columns of P are linearly independent, so the matrix P is invertible. We have shown that
AP =PA, A=PAP!

so A is similar to a diagonal matrix A.

The matrix P is called an eigenvector matriz of A and A is the corresponding eigenvalue matriz.
Definition 2.3 We say that the n X n matriz A is diagonalizable if it is similar to a diagonal matriz D.

Note that if T is a linear operator which has n linearly independent eigenvectors vy, ---v, € F™, then the
matrix of T with respect to the eigenvector basis {v1,--- ,v,} is exactly the eigenvalue diagonal matrix A.

Theorem 2.8 The matrix A of a linear operator T is similar to a diagonal matriz if and only if there exists
a basis B' = {v},---vl,} of V which consists of eigenvectors.

2.2 Problem 2

Let A be a non-zero square matrix of size n x n, such that

A3 =9A.

1. Describe explicitly the set of all possible eigenvalues of A.
2. Describe explicitly all possible values of det A.

3. Give three examples of matrices A (not all diagonal) of size 3 x 3, such that A% = 9A.

Solution

Case 1. We shall assume first that F' is a field of characteristic 0 or F' has positive characteristic p > 2, 3.

1. Suppose A is an eigenvalue of A, and let v be an eigenvector corresponding to the eigenvalue \. It
follows from Av = Av that

Ay = A%(Av) = A2(\w) = A(A%0) = N2 Av = \Pu.
This together with A% = 94 imply
A3 = N3 = 9Av = 9\,
hence (A — 9A\)v = 0. As an eigenvector, the vector v can not be zero, hence
AP —9X=0.
It follows that A is a root of the polynomal 2® — 92 = x(x — 3)(z + 3), hence
A e {0, 3, —3}.

2. We shall now find all possible values of det A. Suppose that A is a matrix of size n X n.

It follows from A% = 9A that det(A3) = det(94). Now the properties of the determinant function
imply:
det(A®) = det[A.A.A] = (det(A))?, det(94) = 9™ det(A) = (3™)* det(A).



It follows then that
(det(A))3 — (3")2 det(A) =0

Hence det(A) is the root of the polynomial
23— (3")2z = x(z — 3")(z + 3") € Flz],

SO
det(A) € {0, 37, —3").

3. We shall construct infinitely many matrices of size 2 x 2 such that 43 = A. Note that

(A? = 9I) = (A3 =94).

a
0

o el Lo el=l R = 1o s

a’=c*=9, andeither b=0, or b#0,a=—c.

We shall describe the upper triangular 2 x 2 matrices A = [ l; } , with A2 = 9. Direct computation

of A? yields

Hence,
Straightforward computation verifies that each of the matrices

3 b -3 b e 0
A:[O _3}, B:[ 0 3], E:[ 6},Whereb€F,5,5e{l,—1}

satisfies A?> = 91, and therefore A3 = 9A.

The number of these matrices depends on the cardinality of F'. If F is an infinite field (of characteristic
= 3 then there are infinitely many such matrices.

Remark 2 We have shown that the equation X2 —9I = 0 has infinitely many roots in the F-algebra of 2 x 2
matrices whenever the field F' is infinite and has characteristic # 3.

Case 2. Fis a field of characteristic 2. Then A3 = 94 is equivalent to A2 = A. Note that —1 = 1 is an
equality in F'. Then each eigenvalue A satisfies A*> — X\ = 0, hence A € {0,1}. det(A?) = (det A)? = det 4, so
det A € {0,1}. The matrices A = (1) i) ]
the set of all such matrices is exactly the cardinality of F'. In the particular case when F' = F5, the prime

, where b € F satisfy A%2 = I, hence A® = A. The cardinality of

field with two elements, there are only two matrices A with A2 = I, namely [ (1) 1 ] , { (1) (1) ] .

00
00
A3v = 0, for each eigenvector corresponding to eigenvalue A\. Hence A = 0. Clearly, 0 = det(A?) = (det(A))?,
hence det(A) = 0. The matrices

A= [ 0 b ] ,beF

0 0

Case 3. Assume now that F has characteristic 3. Then A3 = 94 = [ . This implies that A%v =

satisfy
3 42 [0 0
AA{O O]'



3

3.1 Ordinary Differential Equations- Linear Equations. Existence and Unique-
ness Theorem. Non-homogeneous Equations- Method of Undeterminate
Coefficients.

A differential equation of the form

dn
ao(2) 75 + a1 (a)

dnfly
d$”_1

d

ot e (€) 32 + an(@)y = b(a) (12)
is said to be linear differential equation of order m. The functions a;(x), ¢ = 0,...,n, are called coeffi-
cients of (12) and the function b(z) is called free coefficient. In case b(z) = 0, the equation (12) is called
homogeneous:

@Y s o@D @) W ey =0 (13)

ap(z)— + a1 (x ot an—1(x)== +ap(z)y =

O g B g1 Y Y
Since the sum y; + yo of two solutions y; and ys of (13) is also a solution of (13) and since the product cy
of a solution y with a real number ¢ is again a solution of (13), we obtain that the set Y of all solutions of
the equation (13) is a linear space. If yg is a particular solution of (12) and if y € Y is the general solution

of the corresponding homogeneous equation (13), then z = yg + y is the general solution of (12).

There are three principal problems that have to be solved:

1. Existence and (under certain conditions) uniqueness of the solution.
2. Description of the general solution of the homogeneous equation (13).

3. Finding a particular solution of (12).

Problem (a) is solved by the following theorem.

When the functions a;(x), i = 0,...,n, b(z), are continuous on an open interval I and ag(z) # 0 for all
x € I, the equation is said to be normal on I. After division by ag(z), any normal equation can be written

in the form )
d"y "y
aor T @)

and the corresponding homogeneous equation is

R anil(x)% + an(x)y = b(x). (14)

d"y n—ly dy
4t - 4 =0. 1
dan M () dzn—1 an-1(z) dx an(@)y =0 (15)

Theorem 3.1 Let the equation (12) be normal on the interval I and let xo € I. Then for any sequence of
constants co,c1, ..., cn—1 there exists a unique solution y = y(x) of (12), such that

y(xo) = co, ¥'(x0) = c1, ¥ (x0) = ca,. .. 7y(”_1)(xo) =Cn-1-

Theorem (3.1) yields immediately the following:
Corollary 3.2 The map

Y =R,y (y(20), ¥ (w0), " (20), ¥ (20))

is an isomorphism of linear spaces.



In accord with Corollary 3.2, the solution of Problem (b) reduces to finding a basis for the n-dimensional
linear space Y. Any basis of YV is called fundamental system of solutions of the equation (13).

For the solution of Problem (c¢) we suppose that a fundamental system of solutions y1,¥sa,...,y, of the
equation (13) is known. In this case, using Lagrange method of undetermined coefficients, we can solve
Problem (c) up to evaluating certain integrals.

Below, for simplicity, we present Lagrange method for n = 3. Thus, we have the equation

d’y d*y dy
iy al(ﬂf)@ + a2($)£ + az(z)y = b(x) (16)
and we are looking for a solution of (16) in the form
y(@) = ur(x)y1(z) + u2(2)y2(z) + uz(z)ys(2). (17)

Then
y'(x) = vy (@)y1 () + up(x)y2 (@) + us(2)ys(z) + ui(@)y) () + ua(2)ys(x) + us(z)ys(z)

and we force the functions w1, us, ug to satisfy the equation

uy (2)y1 (@) + uy(@)ya(2) + us(2)ys(z) = 0.
Under the last condition, we have

y'(2) = w1 (2)y1 (2) + u2(2)ys(2) + us(2)ys(2), (18)
differentiate (18) and obtain
y" () =y (@) (2) + uy(@)yh (@) + us(2)ys(2) + ui(2)y) () + ua(2)y (2) + us(x)ys (2).

After forcing w1, uo,us to satisfy the equation

ui (2)y1 () + up(2)ys () + ug(2)ys(x) = 0,

we have
Yy (@) = ui(2)yy (z) + ua(@)ys (x) + us(2)y5 (2). (19)
Finally, we have

"

y" (@) = uy (@)y) (z) + up(2)yy (2) + ug(2)ys (x) + ua ()" (2) + ua(2)ys' (x) + us(x)ys’(x).  (20)

We multiply (17) by as(z), (18) by az(x), (19) by a1(z) and add the result to (20). Since y1, y2, and y3 are
solutions of the corresponding homogeneous equation, we obtain

ui ()] (z) + up(2)ys () + ug(2)ys () = b(x).

Thus, we have the linear system

yuy  + oyouh + ysuf = 0
vper vy gy =0
yiuy 4+ yguy, + ysuz = b(x).

Its determinant W = W (z) is the Wronskian of the fundamental system of solutions y1, y2, y3, hence W (x) #

0 for all z € I and Cramer’s formulae yield u}(z) = ¢1(x), uh(z) = p2(z), and ui(z) = @3(x), where @;’s

are certain functions in x. Therefore

@) = [ e@ds, o) = [ eale)dn, wle) = [ pao)da

We apply this method for finding a particular solution of the equation below.



3.2 Problem 3

Solve the differential equation:

2" (t) + B2x(t) = cos fit, (21)
where t is time and 8 > 0, subject to initial condition

z(0) =z, 2'(0) = vo. (22)
Show that the solution z(t) of the above equation assumes values that are greater than any given positive

constant when t — oco.

Solution

The corresponding homogeneous equation is
2" (t) + Bx(t) = 0 (23)

and the corresponding auxiliary equation is
m?+ 52 =0 (24)

with imaginary roots mj o = £/i. The general solution of (23) is z(t) = K cos t + Ko sin 5t, where K1, Ko
are real numbers. Thus, a fundamental system of solutions is y; = cos 8t and ys = sin §t. The Wronskian is

= 8.

cos [t sin St
—pBsin Bt [ cos Pt

We will find a particular solution of (21) by using the above Lagrange method. We set x(t) = uy (¢) cos St +
uz(t) sin St and the corresponding linear system for the derivatives u} = u}(t), ufy = ub(t) is

(cosBt)u) 4+ (sinfBt)uy, = 0
(=Bsinpt)uy + (BceosPt)u, = cospft

Cramer’s formulae imply

P! 0 sinft | _ 1 .
uy (t) 3| cospt BeosBt |~ B sin St cos Ot
and 8 )
' cos Bt 0 1,
uz(t) = ‘ —Bsin Bt cos Bt ’ B cos™ ft.
Therefore,
up(t) = 3 sin Bt cos Btdt = 5 /smﬂtd (sin 5t) = 2ﬁ2 sin? St,
1 1
=— 32 =— [(1—cos2 = _—(t— ——sin2
us () 5/% ptdt = 5 /( cos25t)dt = (¢ - 25 sin 261).
Thus, a particular solution of (21) is
- 2 (4
zp(t) = 252 sin® Bt cos Bt + 25 (t 25 sin 2t) sin St.

Therefore the general solution of (21) is

x(t) = xp(t) + Ki cos Bt + Ky sin ft.



It is easy to check that x,(0) = 0, and 2,(0) = 0. Then, in accord with (22), zo = 2(0) = Ki, vo = 2'(0) =
K53, hence

x(t) = xp(t) + xo cos Bt + %0 sin St.

Let (t,)22; be the sequence of real numbers, found from the relations

Btn, = % + 2nm.

Then lim,, o t,, = 00, sin Bt,, = cos 5t,, = ?, and sin 2f8t,, = 1, so

\/§$0 \/ivo_\/ixo \@Uo \/é \/E
> "ep 2 T ap aEtag™

x(tn) = xp(tn) +

In particular, lim, . z(t,) = co.

4

4.1 Conditional distributions and conditional expectations: general concepts.
The Chebishev’s inequality: statement and proof.

Answers to questions 4.

To give their answers students can use the material of the course MAT 201: Mathematical Statistics; text-
book: R. Hogg and A. Craig, Introduction to Mathematical Statistics, 5th ed., Prentice-Hall International,
Inc. (1995) (all references below are from this textbook).

1. Conditional distributions and conditional expectations.

Although Section 2.2 is entirely devoted to this topic, it is preferable to consider first the general case of
n random variables X1, Xs,..., X;, and define f5 ,1(22,...,2, | #1) and E(u(Xa, ..., X,) | 1), for a given
deterministic function u(xs, ..., 2, ); see p.110. Then, you can return to the case n = 2, studied in detail in
Section 2.2. You have to prove that

/ Jop(x2 | w1)dry =1

and derive the formula for P(a < X2 < b | X3 = 1) (see p. 84). Define the conditional variance var(Xs | z1)
and derive its alternative formula given on p. 85. Explain the concept of F(X5 | X;) as a random variable
(p. 86). You have to include also the following two central facts:

E[E(X; | X1)] = E(X2),
var(E(Xsy | X1) <wvar(X2), Rao-Blackwell’s inequality.
Proofs in a particular case are given on p. 88-89.
2. Chebyshev’s inequality.

This material is contained in Section 1.10. Prove first Markov’s inequality: if w(z) > 0 is given real function
and X is a random variable such that E[u(X)] exists, then, for any ¢ > 0,

Elu(X)]

c
(see p. 68). Then, setting u(X) = (X — E(X))?, derive Chebyshev’s inequality. It is good to notice that
Chebishev’s inequality is very general (valid for any random variable X). It gives sometimes very crude (not

precise) bounds. There are, however, random variables for which Chebyshev’s inequality is sharp (becomes
an equality). Examples are appreciated (see p. 69, 70).

Priu(X) > <



4.2 Problem 4.

4.1. Let X and Y have the joiny p.d.f. f(z,y) = 32,0 < y < = < 1, zero elsewhere. Are X and YV
independent? If not, find E(X|y).

4.2. If X is a random variable such that E(X) = 3, and E(X?) = 13 use Chebishev’s inequality to determine
a lower bound for the probability Pr(—2 < X < 8).

Solution of Problem 4.1.

X and Y are dependent since the space of (X,Y) is not a product space (see Example 2 on p. 103). For
0 < y < 1, the marginal pdf fi(y) of Y is

fily) =/_Do f(%y)dw:?)/ wdr = 2(1—112).

Next,
f(ny):f;i;jz)zlzny, O<y<z<l;
> bo2g? 21—y%) 211 2
E(X|y):/_ooxf(x|y):/y lmdex:?)Eng;: (3531251/)70<y<1.

Solution of Problem 4.2.

The variance of X is 02 = E(X?) — E*(X) =13 — 9= 4. Hence 0 =2 and = E(X) = 3. We have
P(—2<X <8 =P(-5<X-3<5)=P(| X —p|<hH).

Let us choose the number k, so that ko = 5, that is, 2k =5 or k = 5/2. Then, by Chebyshev’s inequality,

1 4 21
P(|X—3|<(5/2)0)21—W=1—%:%.
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