
STATE EXAM MATHEMATICS

Variant B

For the theoretical part of a question you are supposed to introduce the main concepts and definitions,
and to formulate and discuss (prove) the main properties and results about the topic. For the practical
problem you are to clarify and justify the theoretical background of the steps of the solution.

You may choose to do any three of the following problems.

1. Multiple integrals. Area of a plane region. Change of variables in multiple integrals.

Find the area of the region in the xy-plane bounded by the curve

(x2 + y2)2 = a2(x2 − y2),

where a > 0 is a parameter.

2. Power series. Radius and interval of convergence. Term-by-term differentiation and
integration.

Let
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Prove that u3 + v3 + w3 − 3uvw = 1

3. First order ordinary differential equations. Exact equations- General solutions. In-
tegrating factors.

Euler’s theorem for homogeneous functions says that if F = F (x, y) is a homogeneous function of
degree k in x and y, then

x
dF

dx
+ y

dF
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= kF.

Use Euler’s theorem to prove that if M and N are homogeneous functions of the same degree, then
1

Mx+My
is an integrating factor for the equation Mdx + Ndy = 0, provided that Mx + Ny 6= 0.

Use this result to solve the equation

y2dx + x(x + y)dy = 0.



4. Spectral theorem for symmetric operators in Euclideal spaces. Matrices of a sym-
metric operator. Eigenvalues and eigenvectors of a symmetric operator. Spectral
base of a symmetric operator.

Let A and B be two symmetric n× n matrices with real entries which commute, i.e. AB = BA.
Prove that they can be diagonalized simultaneously by the same ortogonal transformation, i.e.
there exists an orthogonal matrix T , such that both matrices T−1AT and T−1BT are diagonal.


